Within this work, the conventional PD-controller is proposed to suppress the lateral oscillations of a nonlinear Jeffcott-rotor system. Time-delays in the control loop are included in the system model. The slow-flow modulating equations governing the whole system dynamics are obtained. Influence of the controller gains and time-delays on response curves are explored. The analyses showed that the controller efficiency has been enhanced at specific values of time-delays; while the system may lose its stability at the other values. The phenomenon of enhancing the controller efficiency was explained and accordingly the optimal values of the loopdelays have been reported.
Introduction
The dynamical interaction among the stator, rotating parts and the mass imbalance of the rotor are the main reasons of the rotating machinery vibrations. Due to the wide industrial applications of the rotating machines, hundreds of research articles are dedicated annually to study and control the nonlinear oscillations of those machines. Generally, the vibration control methods are classified into three main categories, which are active, semi-active, and passive control methods. Involving active controllers in the control loop raises the wellknown problem of time-delays that may be the cause of controlled system instability. Many of the recently published papers concerning vibration control have discussed the influences of time-delays on the controlled systems stability and the connected controller performance, where Hu et al. [1] introduced time-delayed state feedback controller to suppress the nonlinear oscillations of Duffing oscillator at primary and sub-harmonic resonance cases. The analyses illustrated that involving time-delays in the control loop can provide active damping resulting in the enhancement of the controller efficiency. Moreover, the authors concluded that the combination of positive position and negative velocity feedback control could mitigate the resonant peak efficiently. Maccari studied the nonlinear vibrations control of van der pol oscillator when excited parametrically
Mathematical model and asymptotic analyses
The nonlinear differential equations governing the lateral vibrations in 1 and 2 directions of a vertically supported Jeffcott-rotor system shown in Fig. 1 are given as follow: where, is the disc mass, , are the linear damping coefficients at 1 and 2 directions, 1 , 2 are the nonlinear restoring forces at 1 and 2 directions, denotes the disc eccentricity, is the disc spinning speed, and is the time. The restoring force are considered as a nonlinear function of the distance of the rotating disc from the geometric center as shown in Fig. 1b as [18] :
Accordingly, the restoring forces in 1 and 2 directions are given as:
Substituting equations (3.1) and (3.2) into equations (1.1) and (1.2), we get By introducing the dimensionless parameters * = , = √ 1 ⁄ , 1 * = 1 ⁄ , 2 * = 2 ⁄ into equations (4.1) and (4.2), and omitting the asterisks for brevity, we get
By integrating a time-delayed conventional PDcontroller to the system equations (5.1) and (5.2) as shown in Fig. 1c , the governing equations of the whole system become as follows:
where 1 
Asymptotic analysis and slow-flow governing equations
In this section, the multiple scales perturbation technique [19] is applied seeking an approximate solution to equations (6.1) and (6.2) as follows:
where is a small dimensionless perturbation parameter used as a book-keeping parameter, = , = 0, 1 are two time scales that describe the fast and slow scales of the system motions. The time derivatives in equations (6.1) and (6.2) can be expressed in terms of 0 and 1 as:
The system parameters are scaled according to their values as follows:
Substituting equations (7.1), (7.2), (8) , and (9) 
The solution of equations (10.1) and (10.2), can be expressed as
where, the coefficients 1 ( 1 ) and 2 ( 1 ) are unknown functions of 0 and 1 . Substituting equations (12.1) and (12.
2) into equations (11.1) and (11.2), yields
Before we proceed further, the possible resonance cases must be determine at this approximation order, which is primary resonance (i.e. Ω ≅ 1). So, the closeness of the considered resonance case can be described by introducing the detuning parameters according to 1 1 , (14) into the small-divisor and secular terms of equations (13.1) 
To analyze equations (15.1) and (15.2), we can express the unknown functions 1 ( 1 ) and 2 ( 1 ) in polar form as:
Substiting equations (16) 
( ) 1  11  10  2  21  20  1  11  10  2  21  20  1  11  2  21  1  11  2  21 , , , 
The above square matrix is the system Jacobian matrix. Thus, the stability of the steady state oscillations depends on the eigenvalues of the above matrix. Accordingly, one can obtain the following eigenvalue equations. 
Expanding the determinant (20), yields 
Results and discussions
In this section, the steady state lateral vibration of a nonlinear vertically suspended Jeffcott-rotor system before and after control are investigated via solving the nonlinear algebraic equations (17.1) to (17.4) when 1 =2 = 1 =2 = 0. Newton-Raphson algorithm is employed to solve these equations at the system parameters: = 0.025, = 0.05, 1 = 2 = 0.015 , 1 = 0.0 , = 1 + , 1 = 0.1, 2 = 0.02, 1 = 2 = 0.0, unless otherwise is mentioned. The response curves are obtained by varying the detuning parameter ( ) or the disc eccentricity ( ) as a bifurcation control parameter and plotting the corresponding vibration amplitudes ( 1 , 2 ) . In addition, the obtained solution stability is reported via checking the conditions (22). Then, the obtained solution is plotted as a solid line if it is stable and as a dashed one if it is unstable as shown in Figs 2-3, 9-11, 14 . Moreover, to confirm the accuracy of the obtained bifurcation diagrams, the non-autonomous system equations (6.1) and (6.2) have been solved numerically using the Matlab solvers DDE23 [20] (when 1 , 2 > 0.0) and DDE45 (when 1 = 2 = 0.0), then the steady state vibration amplitudes that obtained numerically are illustrated on the bifurcation diagrams as big-dots as shown in Figs 3, 4 , 10, and 13. Frequency Response Curve (FRC) of the Jeffcott rotor system before control (i.e. 1 = 2 = 0.0) is displayed in Fig. 2 at different levels of the disc eccentricity ( ). The figure shows that the system responds as a semi-linear system as long as ≤ 0.01, while if > 0.01, the nonlinearity dominates the system response and the bistable vibrating amplitudes appear at specific range of the disc spinning speed. Accordingly, the nonlinear Jeffcott rotor system can execute one of two whirling orbits depending on the initial position of the rotating disc. Fig. 3 compares the system FRC before control and after applying negative-position and negative-velocity feedback controller at zero time-delays (i.e. 1 = 0.1, 2 = 0.02, and 1 = 2 = 0.0). The figure illustrates that the connection of the proposed controller to the system has eliminated the bistable solutions interval (i.e. eliminates jump phenomenon) and reduced the vibration peaks to approximately one half. Fig. 4 illustrates the system FRC before and after applying positiveposition and negative-velocity feedback controller (i.e. 1 = −0.1, 2 = 0.02, and 1 = 2 = 0.0). It is noticed from Figs. 3 and 4 that the positive-position negative-velocity feedback controller has high efficiency in mitigating the system vibrations than the negative-position negative-velocity controller. Stability of the controlled system as a function of the time-delays is illustrated in 1 2 -plane in Fig. 5 , where Fig. 5a shows the stability chart at negative-position negative-velocity feedback control (i.e. 1 = 0.1, 2 = 0.02), while Fig. 5b displays the stability chart at positive-position negative-velocity feedback control (i.e. 1 = −0.1, 2 = 0.02). Generally, Fig. 5 illustrates that the stable solutions region is repeated periodically in 1 2 -plane and its topology depends on the position and velocity gain values. Effect of increasing the velocity gain ( 2 ) on the stability chart at 1 = 0.1 and −0.1 is illustrated in Figs. 6 and 7 , respectively. The figures show how the controller gains alter the stability chart topology, where the stable and unstable regions are longitudinal areas parallel to 2 -axis at 1 > 2 , while at 1 < 2 they become transversal regions parallel to 1 -axis. At 1 = 2 , unstable solutions regions become periodic and isolated areas as shown in Figs. 6b and 7b. Fig. 8 illustrates the controlled system frequencyresponse curves at different values of the time-delay ( 1 ) that selected according to Fig. 5a when 2 = 2 . The figure shows the great influences of the time-delays on the controlled system FRC. It is noticed from the figure that the best conditions for vibration suppression occur at 1 = 3 2 and 2 = 2 (i.e. when the time-delays are corresponding to the center of stable solutions region of Fig. 5a ). Influences of the time-delays selected according to Fig. 5b (i.e. 1 = −0.1, 2 = 0.02) on the controlled system FRC are illustrated in Fig. 9 . The figure confirms that the best frequency response curve occurs at 1 = 2 = 2 (i.e. when time-delays are selected within the center of stable solutions region shown in Fig. 5b) . However, the existence of time-delays in the control loop can destabilize the system under control; it is possible enhancing the controller efficiency via selecting the loop-delays to be within the center of the stable solutions region. The system frequency-response curves before control and after applying the time-delayed position-velocity controller are compared analytically and numerically in Fig. 10 . By comparing Figs. 3 with 10 , it is noticed that the time-delay improves the controller efficiency, effectively. (6) utilizing the DDE23 Matlab solver at the initial conditions 1 = 2 =1 =2 = 0 and 1 = 1, 2 = −1,1 =2 = 0, respectively. The figures confirm the sensitivity of the system to the initial conditions before control, where the system has two different whirling-orbits before control, while these bistable motion has been diminished to small unique whirling-orbit after control. To investigate the Jeffcott-rotor lateral vibrations at a wide range of disc eccentricity ( ), the system eccentricity-response curve before control, after control, and after optimal time-delayed control is illustrated in Fig. 13 at = 0. The figure demonstrates that involving time-delays in the control loop enhances the controller performance in suppressing the system lateral vibrations. Based on the above discussions and according to the obtained slow-flow modulating equations (17.1-17.4), the existence of time-delays in a control loop involving PD-controller make the equivalent linear damping coefficients of the controlled system function in the proportional gain, the derivative gain, and the loop-delays as mentioned after equations (17.1-17.4). Accordingly, for known loop-delays, selecting the controller gain so that maximize 1 and 2 will guarantee the best controller performance. 
Concluded remarks
Within this work, time-delayed position-velocity controller is proposed to control the nonlinear whirling motions of a vertically suspended Jeffcott-rotor system. Multiple time scales perturbation method is utilized to obtain the slow-flow modulating equations that governing the whole system dynamics. The obtained equations are employed to investigate the effects of both the loop-delays and control gain on the system response curves. Based on the above discussions we may conclude the following: 1. The stable solutions area in 1 2 -plane is repeated periodically, where its topology depends on the controller gains. 2. However the time-delay in the closed loop control system is one of the main reasons of the loop instability; it is possible to improve the position-velocity feedback controller efficiency via selecting the time-delays that maximize 1 and 2 . 3. At specific values of the loop-delays, the position-controller acts as a velocity-controller and vice versa. 4. The center of the stable-solutions area shown in 1 2 -plane represents the optimal values of loop-delays for vibration suppression. 5. At small unintentional loop-delays, the integration of positive-position and negative-velocity feedback controller to the targeted system is the optimal gain selection for enhancing the controller efficiency.
